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Abstract

In this paper, the model reduction problem for state-space symmetric systems is investigated. First, it is shown that
several model reduction methods, such as balanced truncation, balanced truncation which preserves the DC gain, optimal
and suboptimal Hankel norm approximations, inherit the state-space symmetric property. Furthermore, for single input and
single output (SISO) state-space symmetric systems, we prove that the Ho, norm of its transfer functions can be calculated
via two simple formulas. Moreover, the SISO state-space symmetric systems are equivalent to systems with zeros interlacing
the poles (ZIP) under mild conditions. (©) 1998 Published by Elsevier Science B.V. All rights reserved.
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1. Introduction

Many physical phenomenon can be described by us-
ing some form of mathematical modeling. In design-
ing a controller for a physical system, this step is very
important. In many engineering problems, such as in
robotics and aeronautics, the model that results is com-
plex and usually of high order. Such high-order models
will result in high-order controllers and along with the
additional computational burdens associated, the com-
plexities of the model and controller may make sim-
ulation and physical implementation impossible. As
well as the potential difficulties, intuitive understand-
ing may also be lost, and engineers may no longer en-
joy a feel for the system, with such knowledge buried
beneath mountains of equations. The need for low-
order models is thus clear [1].
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It is important when obtaining a low-order model,
not to sacrifice vital characteristics of the physical
system, such as stability, transient response, steady-
state error and so on. Different methods of obtaining
reduced-order models with these characteristics, have
been presented over the last 30 years, each focusing
primarily on some properties of the system which has
been deemed important, such as balanced truncation
[5], optimal Hankel norm approximation [8] and bal-
anced truncation preserving DC gain [10]. Until now,
the properties inherited from original systems by the
reduced systems have not been discussed in depth. Re-
cently, model reduction for SISO systems with ZIP
property has been discussed in [14] and it is shown
that many model reduction methods can inherit the
ZIP property. In this paper, we study the model reduc-
tion problem for state-space symmetric systems which
appear very often in circuit systems [11,2]. This paper
extends the results reported in [14] substantially.

An important motivation for this paper can be found
in [5] or [9]. It has been shown there that for a very

0167-6911/98/$19.00 (© 1998 Published by Elsevier Science B.V. All rights reserved.

PII: S0167-6911(98)00024-3



210 W.Q. Liu et al. | Systems & Control Letters 34 (1998) 209-215

special case of ZIP system (a special kind of symmet-
ric system), the bounds on the H, norm and the model
reduction error while performing balanced truncation
are tight. This motivates us to study the bounds on H,
norm and model reduction error for state-space sym-
metric systems. Another motivation is the extensive
study undertaken by many researchers on the proper-
ties on the symmetric systems [4, 6, 12].

The layout of this paper is as follows: In Section 2,
some basic results which are useful and interesting
are presented. In Section 3, our main results are de-
veloped. Section 4 will establish a relationship be-
tween state-space symmetric system and ZIP systems
for SISO case. Conclusions are given in Section 5.

2. Basic results

Definition 2.1. A system G(s) is said to be state-space
symmetric iff there exists a minimal state-space real-
ization (4, B, C) satisfying

A=A", C=8B" (1)

where T denotes transpose of a matrix.

A system G(s) is said to be symmetric if G(s) =
GT(s)[12]. Itis clear that a state-space symmetric sys-
tem must be a symmetric system, the converse is not
true generally. For discussions related to state space
realizations of symmetric systems, see [3, 7, 13]. It is
proved in [13] that every symmetric system admits a
balanced realization which is parity symmetric.

Definition 2.2. A SISO system

isa ZIP iff a; <z;<a;, 1 holds fori =1,2,...,n — 1.

The state-space symmetric systems in Definition 2.1
are for multi-input—multi-output (MIMO) systems and
systems with ZIP property in Definition 2.2 are only
for SISO systems. It should be noted that ZIP systems
can also be defined for MIMO systems [15]. Another
issue in Definition 2.1 is that we do not need all mini-
mal realizations satisfying Eq. (1), which implies that
symmetry is system’s own property independent of its
state-space realizations. In this section, we will present
some basic results on these two types of systems in
the form of theorems and lemmas.

Theorem 2.1. For any stable state-space symmetric
realizations, all the three Gramians are equal

P=0Q=R, (2)
where

+o00 T
P :/ eBBTe! ' dt
0

is the Controllability Gramian,
+o00 T

0 :/ edlcTce tdt
0

is the Observability Gramian and

+o0
R= / BCeA ! dt
0

is the Cross Gramian.

The proof follows immediately from the definitions
of the Gramians.

Theorem 2.2. Given a stable state-space symmetric
system G(s) with minimal realization (A4, B, C) sat-
isfying Eq. (1). Assume that (Ap, By, Cp) is any bal-
anced realization with

Ay =TAT™', B,=TB, C,=CT "
Then the following hold:
HTT=7""

(i1) (4p, By, Cp) is also a state-space symmetric sys-
tem.

The proof is straightforward and omitted here.

This theorem revealed the relationship between a
given state-space system and its corresponding bal-
anced realizations. In detail, for any balanced realiza-
tions obtained from the given realization (4, B, C), its
transformation matrix 7 will satisfy the equation in
(i). Furthermore, its corresponding balanced realiza-
tion is also state-space symmetric.

Lemma 2.1. G(s) is a state-space symmetric system
iff it has a diagonal realization {4,B,C} with A =
diag(ay,ay,...,a,) and BT = C

This lemma is an obvious fact and its proof is omit-
ted. The next two lemmas are from [6] for SISO sys-
tems, which will be used in sequel.

Lemma 2.2. The following statements are equiva-
lent:
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(1) G(s) is a stable strictly proper ZIP system.
(i1) G(s) can be written as

n

b;
G(s):ZHa , a;>0, b;>0,

i—1 i

aiFaj, i#]. (3)

(iii) G(s) has a diagonal realization

A | b
— — with A = diag(—a,, —ay,...,—ay)
c |0

and b" =c=[b)%,bY?,..., b7,

Lemma 2.3. Let X be a definite matrix (positive or
negative) and Y a symmetric matrix. Assume that
V is the eigenvector matrix of XY. Then both V'YV
and VX'V are diagonal.

From Lemma 2.2, we can see that ZIP system is a
special case of state-space symmetric system. We will
discuss more the relationship between the two systems
in Section 4.

3. Main results

In this section, we will study the symmetric
property inherited from original systems by the
reduced-order model obtained by using several model
reduction methods, i.e., balanced truncation, balanced
truncation preserving DC gain, optimal and subopti-
mal Hankel norm approximations.

Theorem 3.1. Reduced-order model realizations ob-
tained using balanced truncation method for stable
state-space symmetric systems are also state-space
symmetric.
Proof. Let any balanced realization be partitioned as
A A B
Ay = 11 12 ’ B, = 1 ’
A Az By
Gy =[C1, ] (4)

From part (ii) of Theorem 2.2, (45, By, Cp ) is a state-
space symmetric system which implies that 41, = 47,

and B| = CIT. This shows that (4,;,B1,C}) is also a
state-space symmetric system. [

Theorem 3.2. Reduced-order model realizations ob-
tained using balanced truncation method which pre-
serves the DC gain for stable state-space symmetric
systems are also state space symmetric systems.

Proof. Let the system matrices be partitioned as in
Eq. (4). The balanced truncation method which pre-
serves the DC gain gives the following reduced model:

(An —A12A2_2]A12 | B —Alez_lel )
Ci—CdR Ay, | —Cody)' By

(%)

Recalling that 41, =A41,, C; =B and C, =B}, we can
casily see that Eq. (5) is also a state-space symmetric
system. []

In order to prove the result for optimal Hankel norm
approximation, we need the following preparatory re-
sults.

Theorem 3.3. Given a stable state-space symmet-
ric system G(s) with balanced realization (A, B, C).
Assume that its controllability and observability
Gramians are P = Q = diag{o,02,...,06,) with
decreasing order

012022+ 20k >0k41

= = Oppr > Ohtrgl = -7 ° Z0p.

Denote
2= diag(als 025+ 50)s Ofqrt1lsv+50n 0415445 0-kJrl‘)
=diag(2, 05111;) (6)
and
0 “dn—k—r
Let

be a balanced system and (G — G) be all pass with
| G — G |loo =0k41. Further, assume that the stable
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and unstable parts of G(s) are

. At | é+
= — = |
C+ | D+

(&%)
o= — — |
¢ 1o

Then the following hold:

(i) AS = (AAS)T is negative definite;
(ii) BT = CS
(iii) (BH)" =

Proof. In order to construct an optimal Hankel norm
approximation, rows and columns corresponding to
the singular value gy need to be deleted. Assume the
remaining system matrices after deleting are given by
(41,B1,Cy) and 2. The all-pass dilation denoted by

Gutsy = 2412
=\ D

can be obtained using the following matrices:

- S -T 0 21 I
Y\ r rx ) ' r-iz, )
=27 —o}, 1L

From the all-pass properties [8], we can conclude that
D, = oy411. Also from the property

Dy[C1,—Cy] + [B],Bj]01 =0

and noting from Theorem 2.1 that B] = C}, we obtain

By =—B{(Z) + ox11]),

Ca=—Ci(Z) + oI (7
From the augmented Lyapunov equation, one can get
Ag = (6f AT + 21412 — o 1 CTCHITTLS. (8)

Let I be the absolute value of I', i.e., [1 = I'S. The
balancing similarity transformation, which leads to
2y =28 is given by I’ 11/ 2, Performing such a trans-
formation, one obtains

/i: Flil/Z(O'/%_HA] + Z]A]Z] — O—k-HC;rC] )FI*I/ZS,

9)
BT = -B{(Z) + oy DIT

. _ (10)
C=-C(Z 4o DI 'S

Since A is stable, 4] =A] is also stable. Then it is easy
to see that AS is the sum of three negative-definite
matrices and thus part (i) is proved. Noting B, = C{,
we can obtain part (ii) easily. Next, we prove part (iii).
Let V be the eigenvectors of A. Note that 4 = (45)S
with AS being negative definite and S symmetric. Then
from Lemma 2.3, 4, = V~'(AS)V T and S, = VTSV
are diagonal. Moreover, the diagonal representation
of A will be Ag=V~'AV = 4;S;. The dlagonahzmg
transformation leads to B, = V~'B and Cd = CV.
Recalling that BT = CS, one obtains B, = CdS

Since AS is negative definite, 4 r 1s also negative
definite. The signs of the entries in the diagonal of
S, partition the stable and unstable parts of Ag. If
(87)i,i>0, the ith mode of Ay is stable. Since A4S is
negative definite with S being in a special form, it is
routine to prove V7=V "! and all the entries in Sy are
+1. Now, construct the stable parts as follows. Let ct
be the columns corresponding to the diagonal entries
+1 and B*T = C*. Thus (iii) is true. [J

Theorem 3.4. (i) Optimal Hankel norm approxima-
tion of a stable state-space symmetric system is also
a state-space symmetric system.

(ii) Suboptimal Hankel norm approximation of a
stable state-space symmetric system is also a state-
space symmetric systems.

Proof. (i) Note G*(s) in Theorem 3.3 is an optimal
Hankel norm approximate and from part (iii) of The-
orem 3.3, (B+ )' = C* with A* in a diagonal repre-
sentation, G*(s) is state- space symmetric.

(i1) When suboptimal Hankel norm approximation
is performed, there is no removal of rows and columns,
all other procedures in Theorem 3.3 are still kept the
same. It is easy to visualize that G*(s) is still state-
space symmetric. [J

4. SISO state-space symmetric systems

In this section, we will study the SISO state-space
symmetric systems. First, we show that its H., bound
is tight and then we show its relationship with ZIP
systems.

Theorem 4.1. Given a stable SISO symmetric system
G(s)=c(sl —A)'b with c =b" and A = A". Then
the Hy, norm of G(s) can be calculated as shown
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below:
(D) G [=2> 0 (11)
i=1
where a; denotes the Hankel singular values of G(s).

2) G ]loc=—cA™"b. (12)

Proof. (1) First, assume that G(s) has a balanced real-
ization (4, b, c) with A=(a; ;) and b=(by, bo, ..., b, )T,
its corresponding Gramians are supposed to be P =
0O = diag(oy,03,...,0,). From Theorem 2.1, we can
conclude that A = A" and ¢ = b". Since the following
Lyapunov equation

AP +PA+bb" =0 (13)
is satisfied, we get

b?

Zoy-a,-’,-—l-bizzo, g, = — L. (14)
261,‘,1‘
Thus,
b2
220, = (15)

all

It is well known that 27 | ¢; is an upper bound for
the H, norm of G(s). The proof will be complete if
it is shown that this bound can be achieved at some
frequency. Since there exists ¥ such that 4, = VT4V
is diagonal with ¥'T=¥"!, then it is easy to prove that

n b2
GO == -~

X 1,0
i=1 >

and hence the proof is complete for part one. Part 2
can be proved by direct computation. [

Remark 4.1. 1. It should be noted that part (i) of
Theorem 4.1 is not true for MIMO state-space sym-
metric systems.

2. Part (ii) of Theorem 4.1 is still true for stable
MIMO state-space symmetric system, which is stated
as following.

Given a stable MIMO state-space symmetric system
(4,B, C), then its H,, norm is given by

| G(5) || so =Amax(—CA™'B),

where Apna.x( ) denotes the maximal eigenvalue of a
matrix.

The proof of this assertion is given in Appendix A.

Theorem 4.2. 4 SISO stable state-space symmetric
system G(s) is a ZIP system if and only if G(s) has
distinct poles.

Proof. The “only if” part is obvious due to
Lemma 2.2. We only prove “if” part here. Since A4 is
a stable symmetric matrix, it can be diagonalized by a
transformation matrix ¥ with V'™ = V" ~!. So, we can
assume G(s) has a diagonal realization (Ay,by,cq)
with A,=diag(ay,ay,...,a,)and by=(by,b,...,b,)".
Due to the fact that (4,4, b4,c4) is a minimal realiza-
tion, we can have b; # 0 and a; # a; for i # ;. In this
case, we find

n b2
6=

i=1

Thus, it is equivalent to a ZIP system (4.ip, bzip, Cip)
with

AZiP:Ad’ bZiP:(|b1|"b2‘7'“a|bn|)Ta
cz,p—sz,P O

Remark 4.2. It is implied from Theorem 4.2 that
SISO state-space symmetric systems are actually ZIP
systems if they have distinct poles. Thus, several prop-
erties of ZIP systems reported in [14] are also true for
state-space symmetric systems.

5. Conclusion

In this paper, we have showed that models ob-
tained using several model reduction methods inherit
the symmetric property from original systems for
state-space symmetric systems. For a SISO stable
state-space symmetric system, it is shown that its
H, norm can be calculated analytically in two ways.
Moreover, a SISO stable state-space symmetric sys-
tem is actually a ZIP system if it has distinct poles.
The results in this paper should be investigated for
general symmetric systems, which is left as a sugges-
tion for future research work.
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Appendix A. Proof of part (ii) in Remark 4.1
First, we present the following lemmas.

Lemma Al. For any Hermite matrix A=A" >0, the
following holds:

rTnax {yTAy} = /lmax(A)~
yiy<i

This proof is obvious.
Lemma A2. For any A =AY, we have
ICGT = 4)'CT |
=max ||y'CsI —A)'C"y o (16)
yTy<i
Proof. We need to prove two points: one is to prove
that for any vector y with yTy <1, we have
YT CGI =)™ CTy oo < (| CGsT = 4)7'CT |cc

the other point is to show that there exists a vector yy
with y yo <1 which will satisfy

[36C(sl —A) ' CM yolloo= | C(sI = A) 7' C" || o -

We now prove the first point. According to the defi-
nition of H,, norm, we have

{y"C(s1 —4)~'CTy 12,
= Jmax { ¥ C(jol — 4)~'C"
xyy' C(—jol —A")'CTy}.
Since yTy <1, we have yyT <I. Therefore,
{(y'C(jol —A)"'CTyy"C(—jol — AT)~'CTy}
<{y'C(jol — A)~'CTC(—jol —AT)7'CTy}.
So
Imax {y" C(jool — A)~'CT
xyy' C(—jol —A4")'C"y}
<max ¥ C(jool — )™
xCTC(—jol — AT 1CTy}

< | CGI—A)'CM | o

Now, we are in a position to prove the second point.
Without loss of generality, we can assume that

A =diag(ay,as,...,a,), a;<0
and C is full row rank. It is easy to see that
ICGT =)' CTI%

= Jmax { C(jool — A~ 'CTC(—jol —A)~'C™}
and
C(jol —A)'CT =cACT +jcAa,CT,

where

. ap apy
A=dia yeees
g<w2+a12 w2+a,%>

and

w w
Ay =dia e .
(G o)

From Lemma A2, we obtain

I { C(jool — A~ 'CTC(—joI —A)~'cTY
= max /lglax{yTC(ij —A)~!
xCTC(—jol — 4)~'CTy}.
It is not hard to prove that

max )Lmax{yTC(ij —A)~!
yTySI 5

xCTC(—jol —A)~'CTy}
< max {yTC(-4)7'CTC(-4)7'C"y}
yy<i

which indicates that the H,, norm is reached at w =0.
Therefore,

| C(sl — A)'CM |2, =Amax {CACTCACTY.

1%

It is easy to verify that —CACT is positive semi-
definite, so there exists an orthogonal matrix 7 such
that

TCACTTT = diag(Ai,..., /).
Then it is easy to see that

| C(sl —A)~'CT |2, =max{A},..., 22}

[
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We assume that A? is the biggest value among
them. Then it is easy to verify that y, = Te with
e=(1,0,...,0) will satisfy

|y C(sI —A)'CTyo |2 =41,

This completes the proof. [
Now, we are in a position to prove our main result.

Proof. From Lemma A2, we get
ICGsT = 4)'C |

= max || yTC(sT = 4)7'Cyl|oo -
yhy<l

Then, we obtain
[yTCGsI —A)'CTylso=—y"CA™'CTy.

From Lemma Al, it is easy to obtain the main
result. [
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